Abstract Let φ be a globally defined real Kähler potential on a domain Ω ⊂ C d , and g F be a Kähler metric on the Hartogs domain M = {(z, w) ∈ Ω × C d 0 : w 2 < e −φ(z) } associated with the Kähler potential Φ F (z, w) = φ(z) + F (φ(z) + ln w 2 ). Firstly, we obtain explicit formulas of the coefficients a j (j = 1, 2) of the Bergman function expansion for the Hartogs domain (M, g F ) in a momentum profile ϕ. Secondly, using explicit expressions of a j (j = 1, 2), we obtain necessary and sufficient conditions for the coefficients a j (j = 1, 2) to be constants. Finally, we obtain all the invariant complete Kähler metrics on Cartan-Hartogs domains such that their the coefficients a j (j = 1, 2) of the Bergman function expansions are constants.
Introduction
Let M be a domain in C n , φ be a Kähler potential on M , and g be a Kähler metric on M associated with the Kähler form ω = √ −1 2π ∂∂φ. Set
where Hol(M ) denotes the space of holomorphic functions on M . For α > 0, let K α (z, z) be the Bergman kernel (namely, the reproducing kernel) of the Hilbert space H α if H α = {0}, the Bergman function on M associated with the metric g defined by ε(α; z) = e −αφ(z) K α (z, z), z ∈ M.
(1.1)
The metric g is called balanced when ε(1; z) is constant. Balanced metric plays an important role in the quantization of a Kähler manifold, see Berezin [2] , Cahen-Gutt-Rawnsley [5] , Engliš [10] , MaMarinescu [28] , Ma [27] and Luić [26] . Under given some conditions for (M, ω), ǫ(α; z) admits an asymptotic expansion as α → +∞
where the expansion coefficients a 0 , a 1 , a 2 in Lu [25] and Engliš [12] are given by    a 0 = 1, a 1 = Here k g , △ g , R g and Ric g denote the scalar curvature, the Laplace, the curvature tensor and the Ricci curvature associated with the metric g, respectively. If for all sufficiently large positive numbers α, ǫ(α; z) are constants in z on M , Loi in [21] has proved that there exists an asymptotic expansion on (M, ω) for ε(α; z) as (1.2) and (1.3) , and all coefficients a j are constants. For graph theoretic formulas of coefficients a j , see Xu [33] . For the general reference of the Bergman function expansions, refer to Berezin [2] , Catlin [7] , Zelditch [35] , Engliš [11] , Dai-Liu-Ma [8] , Ma-Marinescu [28, 29, 30 ], Berman-Berndtsson-Sjöstrand [3] , Hsiao [17] and Hsiao-Marinescu [18] . In [9] Donaldson used the first coefficient a 1 in the expansion of the Bergman function to give conditions for the existence and uniqueness of constant scalar curvature Kähler metrics (cscK metrics). This work inspired many papers on the subject since then.
The main purpose of this paper is to study cscK metrics on Hartogs domains such that the coefficients a 2 of the Bergman function expansion are constants. For the study of Kähler metrics with the constant coefficients a 2 , see Loi [21] , Loi-Zuddas [24] , Zedda [34] , Feng-Tu [15] , Loi-Zedda [22] and Feng [14] .
In [4] and [16] , for Fock-Bargmann-Hartogs domains and Cartan-Hartogs domains, we studied balanced metrics associated with Kähler forms ω = √ −1 2π ∂∂ νφ(z) − ln(e −φ(z) − w 2 ) , ν ≥ 0.
From Lemma 4.1 below, we know that the Kähler forms of G-invariant Kähler metrics on CartanHartogs domains Ω(µ, d 0 ) can be written as
∂∂ φ(z) + F (e φ(z) w 2 ) , ν > 0.
So in this paper, we will study Kähler metrics associated with Kähler forms
on Hartogs domains M = (z, w) ∈ Ω × C d 0 : w 2 < e −φ(z) .
Now we give main results of this paper, namely the following theorems. Let k g φ , ∆ g φ , Ric g φ and R g φ be the scalar curvature, the Laplace, the Ricci curvature and the curvature tensor on the domain Ω with respect to the metric g φ , respectively. Put
Then both a 1 and a 2 are constants on M if and only if Let Ω be a bounded symmetric domain in C d , that is, Ω is bounded and there exists a holomorphic automorphism γ z 0 for every z 0 ∈ Ω such that γ z 0 is involutive (i.e. γ 2 z 0 = id) and z 0 is an isolated fixed point of γ z 0 . If Ω can not be expressed as the product of two bounded symmetric domains, then Ω is called an irreducible bounded symmetric domain. If we put the Bergman metric on Ω, then Ω is a Hermitian symmetric space. By selecting proper coordinate systems, irreducible bounded symmetric domains can be realized as circular convex domains. The following assume that irreducible bounded symmetric domains are circle convex domains.
Every Hermitian symmetric space of noncompact type can be realized as a bounded symmetric domain in some C d by the Harish-Chandra embedding theorem. In 1935, E. Cartan has showed that there exist only six types of irreducible bounded symmetric domains. They are four types of classical bounded symmetric domains (Ω I (m, n), Ω II (n), Ω III (n), Ω IV (n)) and two exceptional domains (Ω V (16) , Ω V (27)). So irreducible bounded symmetric domains are called Cartan domains.
For an irreducible bounded symmetric domain Ω, we denote by r, a, b, d, p and N , the rank, the characteristic multiplicities, the dimension, the genus, and the generic norm of Ω, respectively; thus
For convenience, we list the characteristic multiplicities, the rank, and the generic norm N for the classical domain Ω according to its type as the following table.
The above, M m,n denotes the set of all m×n matrices z = (z ij ) with complex entries, z is the complex conjugate of the matrix z, z t is the transpose of the matrix z, I denotes the identity matrix, and z > 0 indicates that the square matrix z is positive definite. For the reference of the irreducible bounded symmetric domains, refer to Hua [19] and Faraut-Kaneyuki-Korányi-Lu-Roos [13] . For the Cartan domain Ω in C d , a positive real number µ and a positive integer number d 0 , let
where N is the generic norm of Ω, and · the standard Hermitian norm in C d 0 . Below we assume 
where γ ∈ Aut(Ω), z 0 = γ −1 (0),
and U (d 0 ) is the unitary group of degree d 0 which consisting of all d 0 × d 0 unitary matrices. As corollaries of Theorem 1.1, we obtain all the invariant complete metrics on Cartan-Hartogs domains such that their the coefficients a j (j = 1, 2) of the Bergman function expansions are constants. 
be the Cartan-Hartogs domain, where N (z, z) is the generic norm of an irreducible bounded symmetric domain Ω in C d . Let G be the group of holomorphic automorphism mappings generated by (1.5) on the Cartan-Hartogs
Then the first two coefficients a j (j = 1, 2) of the Bergman function expansion for (Ω(µ, d 0 ), ω g ) are constants if and only if (i) Ω = B d := {z ∈ C d : z 2 < 1}, and
(ii) Ω = B := {z ∈ C : |z| < 1} and
are balanced on unite balls B d .
(ii) Using methods of [4] , we can prove that for ν > 
To prove Theorem 1.1, let
then the scalar curvature of g F is given by a linear second-order differential expression in ϕ(x). Consequently, the ϕ(x) is an explicit quadratic function of x when both a 1 and a 2 are constants. This method referred to as the momentum construction (see [6] , [20] ), the function ϕ(x) is called the momentum profile of ω F . The paper is organized as follows. In Section 2, by calculating the scalar curvature, the squared norm of the Ricci curvature tensor, the squared norm of the curvature tensor, and the Laplace of the scalar curvature, we obtain explicit expressions of the coefficients a j (j = 1, 2) of the Bergman function expansion for (M, g F ) in the momentum profile ϕ(x). In Section 3, using the expressions of the coefficients a j (j = 1, 2) of the Bergman function expansion for (M, g F ), we obtain an explicit expression of the function F when a 1 and a 2 on Hartogs domain (M, g F ) are constants, thus we obtain necessary and sufficient conditions for the coefficients a j (j = 1, 2) to be constants. In Section 4, we first give the general expressions of holomorphic invariant Kähler metrics on Cartan-Hartogs domain Ω(µ, d 0 ), and then give all invariant complete Kähler metrics such that their the coefficients a j (j = 1, 2) of the Bergman function expansions are constants.
The first two coefficients of the Bergman function expansions for Hartogs domains
The following we first compute the scalar curvature, the squared norm of the Ricci curvature tensor, and the Laplace of the scalar curvature for the metric g F on M . Secondly, we obtain an expression of the squared norm of the curvature tensor. Finally we get expressions of the coefficients a j (j = 1, 2) of the Bergman function expansion on (M, g F ). As applications, we obtain the necessary and sufficient conditions for the coefficients a j (j = 1, 2) to be constants when
To prove the Theorem 2.3, we need the following Lemma 2.1 and Lemma 2.2.
Lemma 2.1. Let φ be a globally defined real Kähler potential on a domain Ω, F be a real function on [−∞, 0) and
where z ∈ C d , w ∈ C d 0 , and
Then
1)
2)
3)
Where Z t and Z denote the transpose and the conjugate of the row vector Z = (z, w), respectively, I d 0 denotes the identity matrix of order d 0 , and symbols
Proof. By direct computation, it follows that (2.1) and (2.2). Using (2.1) and (2.2), we have
So we get
, we have (2.4), (2.5), (2.6) and (2.7).
Remark 2.1. Under assumptions of Lemma 2.1, from
we obtain that Φ F is a Kähler potential on
if and only if
and
For the case of d 0 = 1, (2.8) and (2.9) are equivalent to
respectively. For the case of d 0 > 1, by the eigenvalues of the matrix
so (2.8) and (2.9) are equivalent to
respectively.
Lemma 2.2. Let φ be a globally defined real Kähler potential on a domain Ω,
Define the holomorphic mapping Υ
Proof. The proof is trivial, we omit it.
By Lemma 2.2, the scalar curvature, the Laplace, the squared norm of the curvature tensor and the squared norm of the Ricci curvature at (z 0 , w 0 ) associated with the Kähler potential Φ F on the domain M are equal to the scalar curvature, the Laplace, the squared norm of the curvature tensor and the squared norm of the Ricci curvature at (0, e 1 2 φ(z 0 ) w 0 ) associated with the Kähler potential Φ F on the domain M , respectively. For convenience, the following we assume that 0 ∈ Ω and 2π ∂∂Φ F , where
with t = φ(z) + ln w 2 is a Kähler potential on a Hartogs domain
12)
(2.14)
where k g φ , ∆ g φ and Ric g φ denote the scalar curvature, the Laplace and the Ricci curvature on the domain Ω with respect to the metric g φ , respectively.
Proof. Without loss of generality, let 0 ∈ Ω, there exists local coordinates (z 1 , · · · , z d ) on a neighborhood of a point 0 such that the Kähler potential φ on the domain Ω is given locally by
Using Lemma 2.1, we get 20) and
From (2.18) and (2.21), it follows that
which implies that
where
Then, we obtain (2.15) and (2.16).
Applying (2.15) and (2.18), we obtain
thus we get (2.17).
In Lemma 2.4 below, we obtain expressions in ϕ(x) for the scalar curvature k g F , the squared norm |Ric g F | 2 of the Ricci curvature tensor, and the Laplace △ g F k g F of the scalar curvature.
Lemma 2.4. Under assumptions of Theorem 2.3, let
26)
we give
By (2.27) and (2.28), we obtain
which implies (2.24). From (2.27) and (2.28), we also give
In order to obtain the coefficient a 2 of the Bergman function expansion for (M, g F ), we give a key Lemma 2.5 which gives an explicit expression of the squared norm |R g F | 2 of the curvature tensor of the metric g F .
Lemma 2.5. Under the situation of Theorem 2.3, let
29)
where k g φ and R g φ denote the scalar curvature and the curvature tensor on the domain Ω with respect to the metric g φ , respectively.
Since the metric g F is invariant under transformations
where U (d 0 ) indicates the unitary group of order d 0 , we only need to compute the squared norm of the curvature tensor of the metric g F at (z, w) = (0, w 1 , 0, · · · , 0). Let φ be given locally by
The following we set z = 0,
where r 2 = |w 1 | 2 . By using Lemma 2.1 and
we have 
Now (2.36) and (2.41) give
where 
(ii) For 1 ≤ i = j ≤ d,
we get
we have
we obtain
Combining the above (i) − (viii), from (2.48), we have
, which completes the proof of (2.29).
Applying Lemma 2.4 and Lemma 2.5, we obtain explicit expressions of the coefficients a j (j = 1, 2) of the Bergman function expansion for (M, g F ). 
is a Kähler potential on a Hartogs domain
Let k g φ , ∆ g φ , Ric g φ and R g φ be the scalar curvature, the Laplace, the Ricci curvature and the curvature tensor on the domain Ω with respect to the metric g φ , respectively. Put
Theorem 2.6 implies the following results.
in Theorem 2.6, then (I)
52)
. Theorem 2.8. Assume that d = 1 and
Here
A. 3 The Kähler metrics with constant coefficients a j (j = 1, 2)
In this section, we first give an explicit expression of the function ϕ(x) for the coefficients a j (j = 1, 2) to be constants, then we get an explicit expression of F (t) by solving the differential equation. Finally we complete the proof of Theorem 1.1. 
associated with the Kähler form
where · is the standard Hermite norm in C d 0 and
where F (t) satisfies the following conditions:
then we have the following results.
(I) For d 0 = 1, let
a 1 is a constant if and only if a 1 is a constant and
4)
where C 1 and C 2 are constants.
(II) For d 0 > 1 and d = 1, a 1 is a constant if and only if a 1 is a constant and
here C is a constant.
(III) For d 0 = 1, let
If a 1 and a 2 are constants, then a 1 and a 2 are constants,
. If a 1 and a 2 are constants, then a 1 is a constant,
If a 1 and a 2 are constants, then ϕ(x) = x(x + 1),
Proof. (I) Using (2.49), we get (3.4).
(II) For d 0 > 1 and d = 1, if a 1 is a constant, from (2.49), we obtain a 1 is a constant, and ϕ(x) can be written as
Since lim
we have ϕ(0) = 0, thus
By (2.49), we get
In view of
(III) By (2.49) and (2.50), if a 1 and a 2 are constants, then a 1 and a 2 are constants, thus
Substituting (3.4) into (2.29) and (2.25), we have
From A 2d+4 = 0, we have C 2 = 0, so A 2d+3 = 0.
for d > 1, and
for d = 1, respectively. This gives (3.6).
(IV) Using (3.5) and (2.50), we get
Then put them into (2.49) and (2.50), we have
(V) For d > 1 and d 0 > 1, according to (2.49), we obtain
using integration by parts, we obtain
which can be written as
Owing to ϕ(0) = 0 and
From (2.25) and (2.29), we have
By (3.9) and (2.49), we obtain
since a 1 is a constant, then A 0 = 0, which combines with ϕ(0) = 0, we get
into (2.49), we have
Finally, from (2.52), we obtain
, a 2 = (n − 1)n(n + 1)(3n + 2) 24 , and
according to Theorem 3.1, we can assume that
and F ′′ (t) > 0, ϕ(x) and F (t) can be expressed as follows:
14) 
respectively. In view of
we get 2µA = 1 for F (t) = − 1 A ln 1 − ce 2µAt , and λ = 1 for F (t) = ce λt . Thus ϕ(x) and F (t) can be written as (3.10) and (3. Proof of Theorem 1.1. According to Theorem 3.2, Theorem 2.7 and Theorem 2.8, we obtain that both a 1 and a 2 are constants on (M, g F ) if and only if (i)
and a 2 = 0 for d = 1, where
17)
and a 2 =
for d > 1. Notice that we do not consider the completeness of the metrics g φ and g F in the formulas (3.16) and (3.17) .
Let
for
By Proposition 2.3 of [20] , g F is a complete Kähler metric on the domain M for d 0 = 1 if and only if
Using mathematical induction, we obtain that g F is a complete Kähler metric on the domain M if and only if
So we complete the proof of Theorem 1.1. 
Proof. Step1. We prove that there exist a number ν ∈ C and a function F satisfying
Let Z = (z, w) and
we obtain 
Let z 0 = 0 in (4.8), it follows that
According to Lemma 4.2 below, there is a function F such that for all γ ∈ Aut(Ω) with γ(0) = 0. So A 12 (0, w 0 ) = 0. Combining (4.6) and (4.9), we get
For the same argument, we also have
Substituting A 12 (0, w) = 0, A 21 (0, w) = 0 and (4.9) into (4.5), then 12) here γ(z 0 ) = 0 and ρ = e φ(z 0 ) w 0 2 . Let z 0 = 0, (4.12) implies that
, γ ∈ Aut(Ω) with γ(0) = 0. Therefore, by Schur's lemma, there exists a function P such that
for all γ ∈ Aut(Ω), using
t for all γ ∈ Aut(Ω) with γ(z 0 ) = 0. Hence, by (4.12), we obtain
Now, we set Ψ = Φ − F (ρ), then
)w t ∂φ ∂z and
These combine with (4.13), (4.10), (4.11) and (4.9), we get
From (4.15), the function Ψ must be the following form
by (4.14), we have
thinks to ρ(z, w) = e φ(z) w 2 , so P (ρ) − ρF ′ (ρ) is a constant. Finally, let ν = P (0), then
Step2. We prove that the function F with F (0) = 0 and the number ν are unique. We only show that if ∂∂(λφ + Q(ρ)) ≡ 0, Q(0) = 0, then λ = 0 and Q ≡ 0. Since
Step3. We prove that F with F (0) = 0 is a real function and ν > 0. Using
is positive definite, we get ν
which implies F = F , namely F is a real function. 
then there is a function F such that ∂∂(F ( w 2 )) = ∂∂Ψ.
Proof. We only prove for the case m = 1, 2, the proof of the case m > 2 is the same as the proof of the case m = 2, we omit its the proof. It easy to see that F satisfies ∂∂(F ( w 2 )) = ∂∂Ψ.
(ii) For m = 2, let f (w,w) = f 11 f 12 f 21 f 22 (w,w) = ∂ 2 Ψ ∂w t ∂w (w), thus f (wU,wU ) = U t f (w,w)U, ∀ U ∈ U (2).
The following we will prove that there exist functions r and s satisfying f (w,w) = r( w 2 )I 2 + s( w 2 )w t w. Let U = e tX ∈ U (2), X = (X ij ) 1≤i,j≤2 and t ∈ R. Differentiating the left and right-hand sides at t = 0 below, f (we tX ,we tX ) = e −tX f (w,w)e tX , we find This indicates that r( w 2 ) − q ′ ( w 2 ) is a constant. Let c = r( w 2 ) − q ′ ( w 2 ) and F (x) = cx + q(x), we have ∂∂(F ( w 2 )) = ∂∂Ψ.
Now we give a proof of Theorem 1.2.
Proof of Theorem 1.2. From Lemma 4.1, the Kähler potential Φ of G-invariant the Kähler metric g can be selected as Φ = νφ + νF (ρ), ρ = e φ(z) w 2 .
Let g F be a Kähler metric on the domain Ω(µ, d 0 ) associated with the Kähler form
